Radiative effects in the electroproduction of photons in polarized ep-scattering are calculated with the next-to-leading (NLO) accuracy. The contributions of loops and two photon emission were presented in analytical form. The covariant approach of Bardin and Shumeiko was used to extract the infrared divergence. All contributions to the radiative correction were presented in the form of the correction to the leptonic tensor thus allowing for further applications in other experiments, e.g., deep inelastic scattering. The radiative corrections (RC) to the cross sections and polarization asymmetries were analyzed numerically for kinematical conditions of the current measurement at Jefferson Lab. Specific attention was paid on analyzing kinematical conditions for the process with large radiative effect when momenta of two photons in the final state are collinear to momenta of initial and final electrons, respectively.
I. INTRODUCTION
The experimental precision attainable in modern experiments on ep-scattering allows for measuring the cross section and spin asymmetries in the Bethe-Heitler (BH) process with an unprecedented accuracy. The QED radiative correction is one serious source of systematical uncertainties and therefore must be known with any predetermined accuracy. Several available calculations provide only leading logarithm accuracy and/or have certain other limitations. The most comprehensive calculation was presented by Vanderhaeghen with colleagues [1] . One feature of the calculation is the detailed consideration of the one-loop correction. The basic limitations include i) only approximated evaluation of the radiative tail corresponding to additional photon emission processes, where the photon energy is very small compared to the lepton momenta and ii) not fully analytical calculation of loop effects. Bytev et al. [2] used the electron structure functions for calculation of the hard photon emission in the leading approximation. The authors described the approach for the calculation in the leading log approximation in necessary details and gave useful expressions for the kinematical variables in so-called "shifted" kinematics. No explicit formulas were presented for the standard measurements of the the BH process but for the cross section integrated over the energy fraction of scattered electron. The calculation of our group [3] was also performed in the leading log approximation. The quality of this approximation is difficult to control without the next-to-leading contribution or exact calculations. The structure of the dependence of the RC cross section on the electron mass is σ RC = A log(Q 2 /m 2 ) + B + O(m 2 /Q 2 ), where A and B do not depend on the electron mass. For experiments with transferring momentum squared of one GeV squared (Q 2 ∼ 1GeV 2 ), log Q 2 /m 2 ∼ 15. In practice the leading accuracy can be not so good because often B > A or even B ≫ A, especially for the contribution with additional photon emission. In this paper we calculate RC with the nextto-leading accuracy. In this approximation both A and B are calculated exactly. The terms neglected in this approximation are of order of the electron mass squared and therefore the calculation of the lowest order RC to BH cross sections and spin asymmetries presented in this paper is practically exact. Note that neglecting the terms with the electron mass is not fundamental, and the completely exact approach of the RC to the BH process within the NLO accuracy can be reconstructed in the case of need.
Methodologically, our calculation is based on two sources. The first is the calculation of the QED RC to ra-diative tail from elastic peak presented in [4] . We largely follow the methods suggested in this paper. The second is the results of analytical integration for one loop contribution given in [5] . We use the analytical form for results of integration over a loop momentum suggested in this paper.
The RC calculated in a certain kinematical point depend on the way on how the kinematical variables representing the kinematical point were reconstructed. For example, the virtual photon momentum squared (i.e., −t) can be reconstructed using measured momentum of the final proton or, alternatively, using the momenta of the final electron and photon. Radiation of an additional unobserved photon from the lepton line results in the same reconstructed value of t in the first case and in change of this value in the second case. Therefore, the effect of RC is expected to be different in these two cases. The results presented in this paper are valid for the case when the kinematics of the BH event is reconstructed using final momenta of the final electron and proton only. However, this restriction is not critical because the results for another scheme of reconstruction of kinematical variables can be reproduced using a Monte Carlo program. In such a program the results obtained for a certain scheme of reconstruction of kinematical variables (e.g., the results obtained in this paper) can be used to generate events with and without an additional radiated photon and then another reconstruction scheme is applied for the generated sample of events resulting in estimating RC effects for this reconstruction scheme.
The remainder of the paper is organized as follows. Exact and approximate expressions for the BH cross section are presented in Section II. The one-loop contributions to the total BH cross section are discussed in section III. The cross section of emission of the two photon is presented in Section IV. Specific attention is paid to critical components of the approach including infrared divergence extraction and reproduction of the known formulas in the leading log approximation. All contributions are combined in section V resulting in explicit expressions for the radiative-corrected BH cross section. Detailed numerical analysis is given in Section VI focusing on analysis of RC in the current experiments with unpolarized and polarized particles at JLab and on revealing the kinematical regions where the RC is large. Discussion and conclusions are presented in Section VII. The paper includes four Appendices: the table of loop integrals is calculated in Appendix A; the most cumbersome explicit results for the loop contributions are given in Appendix B; integrals over the angles of two real photons are presented in Appendix C; and explicit results of the two-photon bremsstrahlung cross section are given in Appendix D.
II. THE LOWEST ORDER BH CROSS SECTION
The BH process e(k 1 , ξ) + p(p, η) −→ e ′ (k 2 ) + p
is traditionally described using four kinematical variables: 2 , and φ, the angle between planes (k 1 , k 2 ) and (k 1 − k 2 , p ′ ). Polarizations of the initial electron and proton are described by 4-vectors ξ and η. The cross section of the BH process for unpolarized and polarized targets is
We use the phase space representation:
Here S = 2M E 1 , m and M are the lepton and proton masses, E 1 is the beam energy, and kinematical invariants are defines as
The φ-dependence appears only through its occurrence in invariants w 0 = 2kk 1 and u 0 = 2kk 2 :
and u 0 = w 0 + Q 2 − t (it explicitly results in the same expression as for w 0 but with the opposite sign at the first term). Also,
Alternatively, the azimuthal angle of the photon φ k can be used instead of φ. In this case cos φ = − cos φ k . The BH matrix element is
and
, ǫ is the photon polarization vector, and F 1,2 are the proton formfactors. The key intermediate quantity in this paper is the leptonic tensor. The representation of the RC at the level of the leptonic tensor is one convenient way of having compact analytical expressions for all contributions to RC. The BH cross section,
can also be represented in terms of convolution of the leptonic and hadronic tensors,
The hadronic tensor is defined as
where the symbol of sum means averaging and summing over polarization states of the initial and final protons, respectively. The tensor is expressed as the sum of unpolarized (spin-averaged) and polarized (spin-dependent) parts:
Straightforward calculation results in
2 and
for any four-vector a. Here and below q = p
The leptonic tensor (L
) is also represented as a sum of unpolarized and polarized parts:
Straightforward calculation of the unpolarized part of the leptonic tensor results in
where n = k 1 + k 2 . If the calculation is conducted with the next-to-leading accuracy, the tensor is reduced to
Thus, T 0 i in the NLO approximation are expressed as:
Spin-dependent part of the leptonic tensor is
where
If only leading and next-to-leading terms are kept, only two terms survive in (19), and the tensor is reduced to
or, equivalently, to
III.
ONE-LOOP EFFECTS
The Feynman diagrams of loops that need to be calculated are presented in Fig. 2 . The matrix elements of the eight diagrams with the radiated virtual photon from the lepton line are
nµ , where n runs over all graphs presented in Fig. 2a-h 
where P denotes electron propagator (all factors as i, (2π) 4 , and e are combined in front of the expressions for M loop ):
Feynman graphs of one-loop effects for the BH cross section Γ r µ (a, a ′ ) and Σ r (a) are the renormalized vertex functions and the electron self-energy. They are ultraviolet free after combining the respective non-renormalized functions Γ µ (a, a ′ ) and Σ(a) (i.e., obtained formally applying the Feynman rules) and respective counterterms:
for any vectors a and a ′ . The non-renormalized functions (contributed to matrix elements (23)) are:
The calculation requires the integration over the loop momentum l. Because of the ultraviolet divergence in (27) and infrared divergence in (25) the integrals have to be regularized first. We use the dimensional regularization in this paper allowing for simultaneous dealing with both types of divergences.
The integration over the loop momentum can be performed before or after the calculation of γ-matrix traces. Both ways have certain limitations preventing their straightforward usage in our case. In the latter case, manipulations with γ-matrices has to be performed in the d-dimensional space, however there are difficulties in the case of polarized particles because of ill-defined γ 5 . If integration is performed before the calculation of traces, one need to deal with third rank tensors (containing l µ l ν l ρ in the numerator) coming from finite part of (25). Therefore we use a combined approach in which all integrals in (27) and the infrared divergent part of (25), i.e., the part without any l in numerators, are calculated in the dimensional regularization. The remaining part of (25) is infrared free and the integrals are calculated for d = 4 after the calculation of traces. In this way all integrals of third rank are reduced to the integrals of lower rank. The calculation of the spin-dependent part also requires the approximation ξ = k 1 /m that is appropriate when calculating with the leading and next-to-leading accuracy.
The table of integrals over l is the core in the calculation of the loop effects. All integrals can be completely calculated in an analytical form. Two important sources with similar tables are in available literature [5, 6] . The tables presented in these sources are not complete for our purposes and/or presented in a different form. Therefore the table of integrals required for the calculation of (25) and (27) was recalculated by us and presented in Appendix A. We followed ref. [5] in choosing an analytical form for them but used dimensional regularization for all divergent terms.
The integration of (25) and (27) involves the typical ultraviolet (P ) and infrared (P IR ) pole terms that are defined as in [4, 6] :
where γ is the Euler constant and µ is an arbitrary constant of the dimension of a mass. The ultraviolet divergence cancels with respective contributions of the counterterms [1, 4] that are obtained in the form:
The final result of the calculation of the leptonic tensor of the loop effects (graphs in Figure 2a -h) defined as
can be presented in the form:
The first term contains the pole infrared terms. It is factorized in front of the BH leptonic tensor. This term needs to be further manipulated within d-dimensional space. The second term contains the effects of mass singularities, i.e., dependence on electron mass in the form of log m. It is also factorized. This term does not contain any pole terms, so it can be treated in the 4-dimensional space. The explicit form of the factorized corrections are
where 
Every T v i has the same structure
where functions F y,u,w i depend on i, i.e., F 
where t y = t − Q 2 = w 0 − u 0 , t w = t − w 0 , t u = t + u 0 , and Φ(x) is the Spence function defined as
The remaining one-loop contribution represents the effect of vacuum polarization and is given by graphs in Figure 2 (i, j). The contribution is factorized:
where the polarization operator has the standard form given in [7] .
Feynman graphs of two real photon emission
IV. DOUBLE BREMSSTRAHLUNG CROSS SECTION
The cross section of two photon emission, i.e., the process
where additional factor 2 in the denominator is because of two identical particles (photons) in the final state. Phase space is parametrized as [4] :
2 is the invariant mass of two photons, and dΓ 0 is given by (3); κ denotes fourmomentum of the "heavy" photon, i.e., the photon with the mass √ V 2 . Thus, in this parametrization the phase space element for two photons is factorized into that of BH process and an additional phase space dV 2 dΓ 2γ , where
The angles θ R and φ R define the orientation of momenta of photons in the system where κ = 0, i.e., in the twophoton central mass system. The energies of the photons are equal in this system and equal V /2. Integration over dV 2 dΓ 2γ needs to be performed to obtain the RC to the BH cross section (2) .
The maximal value of the invariant mass of two photons V 2 m is defined by kinematics or can be affected by experimental cuts. In the former case the expression for V 2 m is
where λ t = t 2 + 4tM 2 . Six matrix elements of the process with emission of an additional photon correspondent to graphs in Figure  3 are denoted M 1−6 = e 4 t −1 J h µ J 1−6,µ . The quantities J 1−6,µ , proportional to the leptonic currents, are:
The total leptonic current is
The matrix element squared can be represented in terms of leptonic and hadronic tensors. The former is defined as
and the latter is given by (11-14). The sum means averaging over polarization states of initial lepton and summing over polarization states of photons and final leptons. Since the dependence on κ 1 and κ 2 are only contained in L µν (κ 1 , κ 2 ), the cross section (39) can be presented as
The integration over dΓ 2γ involving scalar, vector, and tensor integrals can be performed analytically. The cross section (46) contains the infrared divergence, and therefore, has to be calculated in the d-dimensional space. The extraction of the infrared divergence from L µν (κ 1 , κ 2 ) is based on observation that it is contained only in terms
Here w 1,2 = 2k 1 κ 1,2 and u 1,2 = 2k 2 κ 1,2 . Integrals dΓ 2γ F IR 1,2 are proportional to 1/V 2 , therefore the external integral over V 2 has the infrared divergence for (47) is the leptonic tensor describing emission of the "heavy" photon with the momentum κ and the mass √ V 2 :
Here
The expressions (51) and (52) for w = 2κk 1 and u = 2κk 2 generalize (5) and (6) for the case of the "heavy" photon.
The representation of L µν (κ 1 , κ 2 ) in terms of three summands is used to extract the infrared divergence
The first summand is the tensor L µν (κ 1 , κ 2 ) without infrared terms (47):
(54) It is infrared free, and therefore, d = 4 can be used for its calculation. The second summand is also infrared free because
The infrared divergence is contained in third summand that contributes to the cross section (46) in the form [4, 8] :
The integration over the 3-momentum of one of photons and then to over V 2 is performed using the δ-function in (41). The integration region over the momentum of remaining photon (denoted by κ cm ) in the two-photon center-mass system can be splited into two parts by an infinitesimal parameterκ resulting in δ IR R = δ 1 + δ 2 with
The second term does not contain infrared divergence and is calculated straightforwardly
where L m is defined after eq. (32). The calculation of the first term is performed in the dimensional regularization. The phase space of the remaining photon (after integration using the δ-function) is rewritten in the d-dimensional space as in [9] (see eq. 47) resulting in the expression for δ 1 in the form:
where µ is an arbitrary parameter of the dimension of a mass. The energies of the initial and final electrons E 1 and E 2 are taken in the two-photons center-mass system:
The first step in the calculation is the integration over ζ. The result of this integration involves the hyperheometric function, however allows for expansion over k cm . The forthcoming integration over k cm , extraction of infrared divergent terms, integration over α, and expansion over m keeping only leading and next-to-leading terms result in
Integrals over dΓ 2γ for infrared free terms (i.e., first and second summands in (53)) can be performed in the 4-dimensional space. All integrals are calculated in Appendix C. For the second summand the integration results in
The integration of the first summand in (53) is cumbersome resulting in
All T F i have the same structure 1 4π
Quantities T F ij are rational functions of Q 2 , u, w, and V 2 . They are independent of the electron mass. The explicit expressions for the Quantities T First, as one can see many integrals over Γ 2γ contain m 2 in denominators and therefore are infinite in the massless approximation (see Appendix C). However all these terms completely cancel when combined into functions T F ij and these functions are finite in the massless approximation.
Second, the lepton polarization vector was used in the form
whereξ does not result in any lepton mass dependence. This corresponds to the most practical case of longitudinally polarized lepton or more general case when lepton polarization vector is represented in the form of (65). After integration over Γ 2γ the vectorξ appeared in T F ij only in the form k 1ξ = −1. This is a reason whyξ does not explicitly contribute to (64) and equations for T Third, using known properties of traces of γ-matrices one can show that the spin-independent part and spindependent part containing leading component of ξ ≈ k 1 /m of L Fourth, the results obtained earlier in the leading log approximation [3] , when only terms containing log m 2 are held, are directly obtained from T 
where L s µν and L p µν are leptonic tensors for BH taken in a shifted kinematical points. If to explicitly use arguments of BH leptonic tensor,
V. CROSS SECTION
The hadronic tensor (11-14) can be rewritten in the form
where the structure functions are defined as (τ = t/4M 2 )
Contractions of the leptonic tensor describing 2γ emission (63) with the tensors contributing to hadronic tensor (11) requires the calculation of contraction of the base tensors (i.e.,g µν ,κ µκν , etc) with (71):
Scalar products of polarization vector η = (0, η x , η y , η z ) with four-momenta are obtained as generalizations of Eqs. (15) of ref. [3] for the case of the heavy photon.
and ηk = ηk 1 − ηk 2 − ηp ′ . Here λ SX andλ SX are factors in λ v uw in (52) taken in ultrarelativistic approximation:
Contractions of the tensors describing BH and the loop-effect leptonic tensors are denoted by C 0 ij and obtained from (72) using substitutions w → w 0 , u → u 0 , and V 2 → 0. Thus, the BH cross section is obtained in the form
or briefly
Here i,j denotes the sum over all i, j with non-zero (72) as in (75), i.e.,
The BH cross section coincides with the cross section for unpolarized and polarized targets given by (7-10) of ref. [3] as well as with results given in [10] . The contribution of loops contains both factorized terms (containing infrared divergent and mass singularity terms) and nonfactorized
The contribution of two-gamma bremsstrahlung is
Combining all contribution together we obtain the total BH cross section with the lowest order RC
where δ = δ V R + δ vac and
This expression does not contain the infrared divergence, but also does not have terms with L 2 m . Combining leading terms allows us to reconstruct the results in the leading approximation obtained in [3] from the cross section (81). Only the terms dσ d /dΓ 0 , dσ F R /dΓ 0 and the correction factor δ contain the leading logs. The leading log terms in dσ d /dΓ 0 and dσ F R /dΓ 0 are combined as:
where dσ LL /dΓ 0 exactly represents the second and third terms (i.e., terms with integrals) of the leading log contribution given in eq. (48) of ref. [3] and I s,p are
.
These integrals are calculated by a regularization at the upper integration limit as 1 → 1 − ǫ. Then two terms can be calculated separately, e.g.,
(87) Therefore
One can see that the term with I s + I p in (85) exactly cancel the leading contribution from the correction factor δ, such that the results (48) in [3] are reproduced.
VI. NUMERICAL ANALYSIS
Detailed numerical analysis of the leading log RC to the cross sections and spin asymmetries in the kinematics of JLab experiments was presented in ref. [3] . Here, we focus on the comparison of the effects at the leading and next-to-leading level and on some other effects not sufficiently discussed in that paper (e.g., x and Q 2 -dependence of RC).
A. RC for the cross section and polarization asymmetry Figure 4 shows the x-and Q 2 -dependencies of the RC factor (defined as δ RC = σ obs /σ BH , where σ obs is approximated by dσ/dΓ 0 from (81) and σ BH = dσ 0 /dΓ 0 is given by (76)) calculated in nine different kinematical points on o . Three points on t represent three kinematical regions defining the shape of t-dependence of the RC factor (see, Figure  5 of ref. [3] ). These regions are separated by the values of t defining the position of the peaks in the cross section of BH process. The peaks correspond to emissions of the photon along the initial (t s = Q 2 X/(S − Q 2 )) or final (t p = Q 2 S/(X + Q 2 )) electrons. Specifically, these points are chosen as:
Each plot contains eighteen curves (nine dashed curves representing LO calculation, nine solid curves representing NLO calculation) for nine x's. The regions for Q 2 are between 1GeV 2 and Q 2 max defined by kinematics: Q 2 max = xS 2 /(S + xM 2 ). The shapes of the Q 2 -dependencies are similar for LO and NLO cases, and the values of the NLO RC factors are typically higher than the RC factors calculated in the leading approximation; the curved for φ =180 o represent important exceptions that are discussed below. In many cases the NLO correction calculated in this paper is the significant contribution to the RC factor that should not be ignored in analyses of experimental data. Three types of the shapes of LO and NLO corrections are observed. The first is observed for upper and lower rows of the plots: the RC factor has a maximum for Q 2 close to Q 2 max . The monotonic curves are observed for φ =0 o or 90 o and for t between two peaks (i.e., between t s and t p ). Third type of the shape is represented in the sixth plot of Figure 4 (i.e., for φ =180 o and t = (t s + t p )/2). The large values of the RC factor found for this point deserve a specific attention that will be analyzed below in Subsection VI B.
Measurements of the momenta of the final particles provide redundant information for the reconstruction of the four kinematical variables determining the BH event. This information is used to construct various experimental cuts and apply them to data collected in a bin over these four variables. Largely these cuts are designed to remove the events with two photons (both of them are not soft) and could be reduced to the cut on V 2 . These cuts remove events with V 2 > V 2 cut . the cross section of the removed events are always positive therefore the effect of the cut results in decreasing the values of RC factor. The example of RC factors with and without a cut is presented in Figure 5 of ref. [3] . The value of decline in RC resulting from the cut on V 2 strongly depends on how this cut is hard. Figure 5 gives an example how the cut on missing mass can influence RC. Since the cut can suppress only the contribution of two photon emission and respective cross section is always positive, the RC factor goes down when applying a harder cut on missing mass.
The radiative correction factor can be defined for the polarization asymmetries in terms of RC factors for unpolarized and polarized parts of the cross section as
The index obs and BH stand for observed and BH cross section, superindices unp and pol characterize the polarization structure of the cross sections:
The radiative correction factor for asymmetries is not defined for kinematical points where σ examples of δ A are presented in Figure 6 . The RC factor to asymmetries is close to 1 comparing to RC factor for the unpolarized cross section. NLO correction could essentially change both magnitude and the shape of δ A .
B. Large effect for RC for φ =180
o and ts < t < tp
The nature of the large effect for φ =180 o and t s < t < t p was clarified in [3] . The large effect comes from the two-photon emission process when both two irradiated photons are collinear: one is collinear to the initial electron and and another is collinear to the final electron. The corresponding BH process (i.e., one photon emission process with the same values of the four kinematical variables) is the process with the emitted photon with 4-momentum corresponding to the sum of momenta of the two collinear photons. This photon is not collinear and therefore the respective cross section of the BH process is not large. This is visible from the leading log formulas (66). The first term in (66) corresponds to the s-peak of one of the photon and the second term describes the p-peak. If another photon is collinear to another electron (i.e., final electron for the first term and initial electron for the second term), respective scalar products of the photon with electron momenta (i.e., u for the first term and w for the second) has to be small. These scalar products appear in the denominator of the BH cross section making it large in this kinematical point.
The origin of the effect is visible from the NLO formulas as well. We see from (68) that u and w in these terms both proportional to V I :
Numerical analysis confirms that the huge effect appear due to the peak in the integrand in the point when V I is small. This observation allows us to identify kinematical conditions when the effect can occur. Because V I are proportional to the electron propagators we can expect that
for m → 0. Since u and w depend on V 2 (see eqs. (51) and 52)), eq. (93) gives us an equation for finding V 2 representing the position of the peak of the integrand:
The equation (94) was obtained by squaring of an equations containing radicals in the LHS or RHS. Therefore, some additional conditions have to be satisfied when searching for solutions of (94). One of them is cos(φ) < 0.
All three terms in (94) are non-negative (last term in T 2 is positive because
), therefore the solution is possible only when all of them equal zero. This can be achieved only when φ = 180 o and T 0 = 0. The solution of the latter equation is possible only for t s ≤ t ≤ t p (otherwise all three terms in the brackets of the expression for T 0 are positive). The solution is V 2 = 0 for t = t s,p and some positive value of V 2 for t between t s and t p as illustrated in Figure 7 . Thus, we see that the extremely small values of V I = 0 in the denominators of the integrand resulted in the huge RC can appear only for t s ≤ t ≤ t p and φ = 180 o (and a narrow area around the value). (94) that is possible only φ = 180 o and ts ≤ t ≤ tp. The line at V 2 = 0.2 GeV 2 shows a possible cut on missing mass. This demonstrates us that the effect around the kinematical points t = ts and t = tp cannot be completely suppressed by the cut.
VII. DISCUSSION AND CONCLUSION
In this paper we completed analytic calculation of the radiative corrections in the BH process for unpolarized, longitudinally polarized, and transversely polarized targets within the next-to-leading accuracy. In this approximation only terms proportional the electron mass are ne-glected therefore the RC was calculated practically "exactly". The most important feature of the calculation is that complete integration for loop contributions and integration over angles of an additional photon for twogamma contribution was performed analytically.
This calculation is continuation of efforts of several groups of researches made contributions to the problem of RC in BH process which created a theoretical background for our study. The one-loop correction and soft photon emission contributions were investigated in details by Vanderhaeghen et al. [1] . Some ideas of oneloop correction calculation including ultraviolet and infrared renormalization using dimensional regularization were used in our calculation. The approach for the calculation in leading approximation for the DVCS cross section was developed by Bytev, Kuraev, and TomasiGustafsson [2] . We largely based on their approach for the calculation in the leading log approximation as well as compared our expression for the shifted kinematics and the expression for loops effect in the leading approximation. The explicit results in the leading log approximation which were used for the comparison were calculated by us in ref. [3] . Two important sources of theoretical information were used for the NLO calculations. The first is the exact calculations of the next order corrections to the radiative tails from elastic peaks was done by Akhundov, Bardin, and Shumeiko [4] . Specifically, we used the model for the phase space parametrization of two photons and exact approach for extraction of infrared divergence (see also [8] ). The second is the asymptotic expressions for loop integrals in non-collinear kinematics calculated for one-loop diagrams by Arbuzov, Belitsky, Kuraev, Shaikhatdenov [5] . All these integrals were recalculated by us in dimensional regularization and the analytical expressions were tested numerically. Finally, we used the theory of DVCS from Belitsky, Mueller, Kirchner [10] for cross check of the BH formulas for unpolarized and spin-dependent cross sections.
Leading log approximation provided compact expressions are a particular case of our calculation. We demonstrated how the leading log formulas can be extracted analytically and evaluated the relative contributions of the leading log and next-to-leading terms to the total RC. Note, that hadronic structure is incorporated in the leading log expressions through the "base" cross section (i.e., the cross section with one photon emission) that minimize possible model-dependence in the RC.
Large effects are predicted when both photons are collinear (one is collinear to the initial lepton and another is collinear to the final lepton). Since the photon in respective BH process is not collinear (its momentum is the sum of two collinear photons), the BH cross section is not so large. We found analytical expressions for kinematical conditions of the large effects and demonstrated that frequently used kinematical cuts cannot suppress this large effect especially in the kinematical region close to t = t s and t = t p .
All conclusions are valid for the specific way of reconstruction of kinematic variables: leptonic and hadronic momenta are used to reconstruct the kinematics of the BH process. Kinematical variables of the photon were assumed to be unmeasured (or used only in the calculation of kinematical cuts). An universal way to avoid multiple calculations to cover all possibilities for data analysis designs is the development of the Monte Carlo generator of the BH process with the additional process with two photons.
Appendix A: Loop Integrals
In this Appendix we present the table of integrals over 4-momentum of an additional virtual photon that is denoted as ℓ. The integrals are defined as:
The scalar, vector, and tensor integrals are denoted as
For example, J
The integration involves the usage of the Feynman parameters and is performed in the dimensional regularization. Note, that all expressions in this Appendix contain w 0 and u 0 . However we drop the index "0" in this Appendix for brevity and use w and u instead. The results of the integration for scalar integrals are:
,
2 ), and L m is defined after eq. (32). The two-propagator vector integrals are
The result of vector and tensor integration for threepropagator integrals are
Integrals with four terms in denominators are defined in the same way but with four lower indices. The "minus" sign appeared in some terms because of opposite definition of q used in [5] . The coefficients for three-propagator vector integrals are
Ultraviolet divergent terms are contained in b g ijk only:
The ultraviolet-free coefficients for three-propagator tensor integrals are
The coefficients for four-propagator vector and tensor integrals are:
Note, that the integrals need to be considered in ddimensional space. For example, the results of two integrals J µν 012 and J 12 gives an equality J µν 012 g µν = J 12 only with using dimensional regularization rules, i.e., with taking into account that P g µν g µν = P d = 4P + 1 + O(d − 4). 
Notation used in these formulas are
Appendix C: Integrals over phase space of two real photons
In this Appendix we present the table of twodimensional integrals over dΓ 2γ . The integrals are defined as:
There are two types of integrals to calculate:
The invariants w 1,2 and u 1,2 are defined after eq.(48).
The integration is performed in the center-of-mass system of two photons. The axis OZ is along q and the momenta of electrons are in the OXZ plane. Photon energies are equal ω 1 = ω 2 = V /2. The electron energies and electron momenta and their the components in this system are
where λ V = (w − u) 2 + 4Q 2 V 2 and V I is defined after eq. (50). The invariants w 1,2 and u 1,2 are
The results of integration for scalar integrals with no more than two propagators are
and L m is defined after eq. (32). The integration of three-and four-propagator integrals results in
The vector and tensor integrals are defined as
with ∆ = κ 2 − κ 1 . The vector integrals with the dependence on one of u 1 or w 2 are
Remaining vector integrals and tensor integrals depending on one of u 1 or w 2 arē Here
Remaining integrals will be represented in the form 
Appendix D: Results for T
F ij
The functions T F ij contributed to (64) read 
